Vibration
isolation is needed to protect avionics equipment from adverse aircraft vibration environments. Passive isolation is the simplest means to achieve this goal. The system used here consists of a circular steel ring with a lump mass on top and exposed to base excitation. 
Model Formulation
Passive base isolation of an avionics box with the use of circular, stainless steel ring supports attached to each comer of the equipment is shown schematically in Figure  1 . Here, we assume that the avionics box is a rigid mass and consider the dynamics of a single ring. The basic configuration of this model, which consists of a thin stainless steel ring rigidly attached to a base structure and a concentrated mass located at the top, is shown in Figure 2 . 
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where wo is the tangential deflection, Uo is the radial deflection, 0 is the angle measured from the vertical, t is time, E1 represents the bending stiffness, a is the ring radius, qw is an external tangential force per unit length and q, is an external normal force per unit length.
The mass distribution of the ring (including the concentrated mass located at the top of the ring) per unit length is given as 31 = pA + _a t_(0 -7z),
(3) Mp where p is the mass density of the ring, A is the cross sectional area, m a is the mass of the avionics box represented by a concentrated mass located at 0 = n and 8 ( ) denotes the Dirac delta function.
Free Vibration of a Ring
The natural frequencies of the ring are obtained by solving the homogenous form of Eq. (1) (in the absence of the concentrated mass at the top of the ring). Assuming a solution of the form 28
the resulting equation may be restated as 
The mode shape coefficients and parameters for Eq. (12) that were found using the frequencies and _ 's from Eqs. (9) and (10) are listed in Table 3 and the corresponding mode shapes are shown in Figure 3 . The mode shapes are categorized according to their motion at the top of the ring (0 = _ ), either lateral or vertical. The odd numbered modes exhibit predominantly side to side motion and are thereby called lateral modes. Whereas the even numbered modes have mostly an up and down responseand thereforeare labeled vertical modes. Only the first six modesareshownandusedin the calculations.
Ring Response Due to Base Excitation
In this section, the response of a circular ring, shown in Figure 2 , subjected to base excitation is analyzed.
The absolute motion of the ring is assumed to be given as
and
where u and w are relative, normal and tangential, ring displacements and y and z are base displacements.
The motion of the ring relative to the base is assumed to be given by
Substituting Eqs.
(3), Eqs. (13) and (15) into Eq. (1) yields
Using the relation given by Eq. (5) in Eq. (17) and simplifying yields d02 
we find
where _p = T (21) 2pAcOp is the modal damping coefficient.
T is an equivalent viscous damping factor introduced into Eq.
(20), rip is the modal participation factor, cop is the pt, natural frequency, _(t)is the vertical base excitation and _(t)is the lateral base excitation. The external pressure field is given by
where mAg is the static weight at the top of the ring.
The coefficients in Eq. (20) are then defined as follows
is the norm of the pm modal amplitude.
The equations given in Eq. (20) are coupled since Kp depends on _k i_, (t). Here, a Gaussian reduction scheme is used to solve the equations simultaneously for the modal participation factors in the numerical simulation.
Excitations
Both sinusoidal and random base excitations are used to evaluate the performance of the passive vibration isolation system. Sinusoidal base accelerations applied are given by
where Y,, and Za are the amplitudes, o_ is the excitation frequency and t is time. The base accelerations, j_(t) and _(t), are used in the following analyses.
The random excitation being used is modeled after NASA Ames/Dryden Flight Research Facility (ADFRF) process specification No. 21-2 for environmental testing of electronic and electromechanical equipment 32, as shown in Figure 4 . The random excitation model uses the frequency sampling method to design a nonrecursive finite impulse response (FIR) filter. As illustrated in Figure 5 , zero-mean Gaussian white noise, e(t), is input to the filter (with impulse response h(t)), and the output being the random excitation, j_(t) or _(t).
That is
The mean and autocorrelation of the stationary, Gaussian white noise processes, I_y(t) and t_z(t),
used as the input are given as:
wherethe angularbrackets,'(.) ', represent ensembleaveragingand So, and Soz are the constant power spectral intensities. The spectral intensity of the white noise excitations for the y and z directions are assumed to be given as So, = .0043 g2sec So_ = .0218 gesec.
The value for Sot was estimated so that the spectral density of the vertical random excitation would fit that of the NASA ADFRF process specification. The lateral value was taken to be onefifth the vertical value since the lateral excitation intensity is usually much lower than that of the vertical excitation in aircraft. The impulse response, h(t), is obtained by inverse Fourier transform given as
where H(k) is the system function.
The system function is a function of the acceleration power spectral density function represented in Figure 4 and given by IU(k)l= 312-- (33) where N is the number of samples, At is the spacing between time samples and (_(k) is the power spectral density function.
To design a FIR filter with the frequency response shown in Figure 4 , the frequency response is 
where H(k) are the frequency samples, n=0 .... ,N-1 and ct=(N-1)/2. Here At =0.1 sec and
N=1024 samples are used. The impulse response of the above FIR filter is shown in Figure 6 .
The Fast Fourier Transform (FFT) is used to transform the filter coefficients and white noise to the frequency domain.
They are multiplied together and the result is inverse transformed using the inverse FFT back to the time domain.
This produces time samples representative of the frequency response shown in Figure 4 . A sample simulated excitation time history is plotted in Figure 7 . To verify that the procedure truly generates the appropriate frequency response, an ensembleof 1000sampletime historieswere generated, transformedto the frequencydomain andthe averaged spectrum,-_1_(03_ 2, wasevaluated. The resultingfrequencyresponse is shown in Figure 8 . Comparing Figure 4 and Figure 8 , it is observedthat the filter producestime samples representative of the desiredexcitationspectrum.
Experiment
The purpose of the experiment was to measure the natural frequencies and damping of a circular steel ring for comparison with the analytical results.
The experimental set-up is shown schematically in Figure 9 . The dimensions and physical properties of the circular ring that was used in the experiment are the same as those listed in Table 1 
where u, is the static deflection under the weight and ue is the deflection relative to the static equilibrium.
In this section, the vibration of the ring about the static equilibrium is studied. The static deflection, us, results from the gravitational force term given by Eq. (24). To achieve this in the numerical simulation, Eq. (20) is evaluated in the absence of base excitation, i.e., 
So (o}., ;o) = mtax_/i. (re, t_}.
For random excitation, the mean, the standard deviation, the absolute maximum and the absolute minimum acceleration are defined, respectively, as:
;(,,,°,;.) =(so(,,,°, ;o)), 
It should be noted that the absolute maximum and minimum accelerations, which represent upper and lower bounds on the simulation results, are sample dependent.
Comparison of Numerical and Experimental Results

Ring without concentrated mass
In order to verify the validity of the numerical model, the analytical ring response is computed in the same manner as was done in the experiment. Random excitation given by Eq. (29) Table 2 .
The damping values that were calculated from the experimental data as listed in Table 4 were used in the analytical model. Figure  10 and Figure  11 
Ring With Rigid Avionics
Next, the circular ring with a 0.45 kilogram rigid avionics mass attached to its top is analyzed.
The ring response is computed in the same manner as outlined above for Figure  10 and Figure   11 . Random excitation given by Eq. (29) is used to excite the ring in both the lateral and vertical directions. Vertical and lateral frequency response functions are plotted in Figure  12 and 13.
Experimental frequencyresponsefunctionsarealsoshown in thesefiguresfor comparison. The ring geometryis the same as that used earlier with the exception of the additional mass. ComparingFigure 10and 11with Figure 12 and 13,it is noticedthatthering naturalfrequencies arelower with the additionalmasson top asexpected. Both experimental andnumericalresults indicatea decrease in the naturalfrequencieswith fairly closeagreement betweenthe two. The observedvariations in the resonant frequency peak amplitudes are due to accelerometer frequencyresponse characteristicsandfor the lateral case,are alsodueto the different methods of excitationused. Numerical resultsfor the lateral caseare producedwith randomexcitation whereasimpactexcitationis usedin the experiment. Figure 12 and 13showcloseagreement in overalltrendsbetweenthe experimental andnumericaldata.
Avionics Box Under Sinusoidal Excitation
In this section, responses of a SDOF avionics box subject to horizontal-vertical sinusoidal base excitation with and without a ring isolation system are studied. Figure 14 illustrates the system configurations considered. Sinusoidal base excitation, as given by Eq. (28), is used. The amplitude,
A, of the input excitation is 0.01 g's in the vertical direction and 0.002 g's in the lateral direction. The excitation frequency, fe, is 400 Hz. The peak responses of the system are computed for a range of avionics equipment system frequencies from 50 to 500 Hz. Table 1 lists the physical properties of the ring used in the analysis with the natural frequencies that appear in Table 2 . The interaction of the avionics system and the ring is neglected in the following analyses since it is assumed that the avionics system is rigidly attached to the ring.
The vertical and lateral acceleration response spectra of the avionics system are plotted in Figure  15 and Figure 16 . 
Ring Response to Random Excitation
For the case of a single ring (in the absence of a concentrated attached mass), the vertical ring response spectra for the top of the ring are plotted versus ring frequency in Figure  17 and the lateral response spectra are plotted in Figure  18 Hz) and steadily increases to about 0.003g at a frequency of 60 Hz. This increase in acceleration is a result of the higher frequency modes responding to the increasing excitation levels The maximum and minimum acceleration levels are an extreme upper and lower bound, respectively, for the computed vibration spectrum.
To evaluate the effects of damping on ring performance, the vertical ring acceleration response spectra as a function of structural damping are calculated and plotted in Figure  19 . The other ring parameters are as given in 
Avionics Under Random Excitation
For the random base excitation, comparison is made between the acceleration responses of the avionics system mounted on top of the ring (treated as a rigid 0.45 kg concentrated mass) and the unprotected avionics system. The system response is computed for a range of avionics system frequencies from 50 to 500 Hz. The sensitivity to variations in the ring damping ratio on the response spectra is also examined. The resulting response spectra are plotted versus the avionics system frequency.
As was noted before, the avionics system is treated as a rigid concentrated mass attached to the ring and the interaction between the avionics system and the ring is neglected.
The vertical and lateral avionics system acceleration response spectra with and without the ring are plotted in Figure 20 and Figure 21 . Comparing the response of the isolated avionics to that of the unprotected avionics, the transmitted vibration to the avionics system is cut in half using the ring as a passive isolator. When the avionics system is rigidly mounted on top of the ring, the acceleration levels are magnified at the ring natural frequencies as compared to the rest of the acceleration response. However, these levels are still considerably lower than the acceleration levels for the unprotected system. Even the maximum calculated acceleration levels of the isolated system are less than half the unprotected avionics minimum response.
In the lateral direction, the ring isolates the avionics system by at least an order of magnitude over the entire frequency range. The isolated avionics response again is greater at the ring resonant frequencies ascomparedto the rest of the spectrum. The ring performsbetterin the lateraldirectionby not transmittingthe lateralexcitationinto the avionicssystemasreadily asthe verticalexcitation.
The peakaccelerationresponseof the avionics systemrigidly mountedto the ring is calculated for severaldampingratios and plotted as a function of avionics frequencyin Figure 22 and Figure23. Thesecurvesarecomparedto the responseof the unprotectedavionicssystem. The defaultdampingvaluesreferredto in the figuresare thoselisted in Table 2 with the 100%value beingtwice what is listed and-50% being half the listed value. As shownin both figures, the peak accelerationdecreaseswith increasing structural damping. Again, the results are as expected.Increasingthe ring dampingincreasesthe isolation effectivenessof the passivering elementandthe peak accelerationlevels for all dampingvaluesare lessthan the levels for the unprotected system. 
Conclusions
Appendix
Love's equations of motion governing the vibrations of a circular ring in its plane of curvature due to an applied pressure field are 34
In most applications, the extension of the neutral surface of the ring is negligible and the inextensional approximation may be used. i.e.,
The ring equations of motion need to be expressed in force and moment resultant form in order to apply the inextensional approximation. These equations are as follows
where Noo is the force and Moois the bending moment. Solving Eq. (A5) for N0o and substituting into Eq. (A4) gives
The resultant moment for the ring based on the tangential and normal displacements has the form
EIo3 o32
Moo=--_- (-_w(O,t)--_u(O,t) ).
Using the inextensional approximation, Eq. (A7) can be expressed in terms of the tangential displacement as ) or in terms of the normal displacement as ,9
The normal component of the ring motion is obtained from Eqs. (A3) and (A10). 
Tables
